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INTRODUCTION 
If.!-‘, . . ..f. are irreducible polynomials in k[x, , . . . . x,], we wish to study 
the Brauer group of the ring R = k[x, , . . . . x,] [f’, I, . . . . .f, ‘1, where k is an 
algebraically closed field of characteristic p. The main tool we use is 
Theorem 1 of Section One. 
In Section Two we apply Theorem 1 to the case where the fi are linear. 
In Theorem 4 we show that the Brauer group B(R) is isomorphic (modulo 
p-groups) to a direct sum of copies of Q/Z and is generated by the cyclic 
algebras (j;,f;) over R. If o is a primitive vth root of unity and a and b are 
units of R, then (a, b) denotes the associative R-algebra with identity 
generated by 2 elements x and y subject to the relations: ~“=a, yy =b, 
~JC = WX~~. Let Y, be the complete hyperplane defined by fi in P” = Proj 
kCx ,,, ..,, x,]. From now on (without loss of generality) we assume that the 
Yi are distinct. Let Y, be the hyperplane at infinity defined by x0 = 0. Let 
Y= You ... u Y,. We describe the Q/Z rank of B(R) in terms of the 
divisor Y. Associated to Y is a bipartite graph r such that R(R) is 
isomorphic to the cycle space of f with coefficients in Q/Z, H,(T, Q/Z). If 
v is relatively prime to p, the cup product map induces a homomorphism 
0: H’(R, Z/v)@ H’(R, Z/v) --f ,,B(R) which takes a generator .fiio.&. to the 
class of the cyclic algebra (f,, f,). In Theorem 4 we prove that a is surjec- 
tive and obtain a set of generators for ker p. Determination of B is an 
important step in calculating the Brauer-Long group BD(R, Z/2) of 
Z/2-dimodule R-algebras and the Brauer-Wall group am, as was 
shown in [SJ. 
The celebrated theorem of Merkurjev and Suslin [13, Theorem Il.51 
implies that if R is replaced by a field, then /3 is surjective and the kernel is 
generated by the Steinberg relations. In Example 2 we present a 3-dimen- 
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sional, regular domain R of the form k[x, y, Z, l/f] such that the Brauer 
group B(R) is not of the form (Q/Z) ‘r). In this example the degree of the 
hypersurface can be any n > 1 relatively prime to p. We prove that the 
Brauer group of the complement of the surface zy”-- ’ =x” in A3 is 
isomorphic to Z/n. In this example /J is the zero map. In Section Three we 
look at another case where the results of Theorem 4 fail to hold. First we 
apply Theorem 1 to describe the Brauer group of the complement of a 
divisor on a surface. In Example 7 we compute B(R) and determine B for 
the complement of four tonics on the plane. This example shows that 
Theorem 4 is false when the hypersurfaces have degree greater than 1. In 
fact, in this case fi is no longer surjective and the kernel of b becomes more 
complicated 
Throughout, all cohomology groups are computed over the &ale site. All 
sheaves are for the &tale topology. The multiplicative group of invertible 
elements of a ring R is denoted R*. The ground field k is always 
algebraically closed and we always work module p-groups. We denote by 
G, the sheaf of units. Recall the following well-known values (for example, 
see [lo]) of the lower degree itale cohomology groups with coefficients in 
G,, for an affme scheme X= Spec(A): 
fl(X,G,)=A*=unitsofA, 
H’( X, G,) = Pic( A ) = Picard group of A, 
tors(H’(X, G,)) = B(A) = Brauer group of A 
For an abelian group G we denote by G, the subgroup consisting of all 
XE G such that nx = 0. For a general scheme X over k, the Kummer 
sequence yields the exact sequence 
1 + @(X, G,,)/@(X, G,,)” + H’(X, p,.) + ,Pic(X) + 0 (1) 
for any v relatively prime to p. We denote by B’(X) the subgroup of torsion 
elements in H”(X, G,). There is a canonical embedding B(X) + B’(X) 
[S, GBI] but whether this map is surjective remains an open question 
[lo]. The image, kernel, and cokernel of a homomorphism fare denoted 
im(f), ker(f ), coker(f). The background material on graph theory may be 
found in [3]. If F= Z/v denotes the constant sheaf, then F(r) = 
p,@ ... @CL,, (r factors) and F( -r) = Hom.(F(r), F). All other unexplained 
terminology and notation is as in [14]. 
ONE 
The purpose of this section is to prove Theorem 1 and present Exam- 
ples 2 and 3. 
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THEOREM 1. Let X he a smooth variety over the algebraically closedfield 
k of characteristic p. Let YE X be a closed subvariety of pure codimension 1. 
Suppose oY, the singular locus ef Y, has pure codimension 2 in X. Let F be 
the constant sheaf Z/n, where n is prime to p. Then 
a. H$(X, F)sH$~~JX-CY, F)r@(Y-oY, F(-1)). 
b. The sequence 
O+H;(X,F(l))+H’(Y-aY,F);p(aY-o’Y,F(-1)) 
is exact, where o2 Y is the singular locus of aY. 
c. There is an exact sequence (module p-groups) 
0 + B’(X) + B’(X- Y) + H:(X, p) -+ H3(X, p) + H3(X- Y, p). 
Proof a. Consider the long exact sequence of cohomology associated 
to the triple aYE YcX [14, 1.26, p. 921: 
. . -+ Hz.(X, F) -+ H%(X, F) -+ H$paY(X- aY, F) 
-H:,(X, F)+H:(X, F)+H$-,,(X-aY, F)-+Hi,(X,F)-, . . . . (2) 
By cohomological purity [14, 54(b), p. 2441, H$--y(X- aY, F) z 
Him ‘( Y - a Y, F( - 1)) for i = 2, 3. In [ 14, Lemma 9.1, p. 2681 it is shown 
that fl>(X, F) = 0 for s < 2c if Z s X is a closed subvariety of codimension 
c. This implies HL,(X, F) = 0 for i < 4 and we have part a. 
b. Applying the vanishing theorem [op. tit] to the closed subvariety 
a2 Y c X yields Hkz J X, F) = 0 for i < 6. The long exact sequence associated 
to the triple a2YraYcX is 
. + H$JX, F) -+ H”,y (X F) + fCym dX F) 
-+ H21y( X, F) -+ . . (3) 
Whence Hzy(X, F)rH4,y_,zy(X, F)g@(aY--02Y, F(-2)), where the 
second isomorphism is given by cohomological purity. This combined with 
(2) yields part (b) when F is replaced by F( 1). 
c. Since X is smooth, H’(X, G,) is torsion for i > 2 [8, GBII]. 
Kummer theory implies H3( X, G,) g H3(X, p) and H$(X, G,) s H;(X, p) 
(modulo p-groups). Combined with the long exact sequence of cohomology 
with coefficients in G, for the closed subvariety Y c X, this gives (c). 
Q.E.D. 
The map r of Theorem 1.b is a generalization of the ramification map 
defined in [2, Section 31. Let Y= Y, u . u Y,, where the Yi are the 
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irreducible components of Y. There is an obvious embedding 
N’( Y - aY, Q/Z) -+ @YE0 H’(k( Y,), Q/Z). The elements of H’(k( Y,), Q/Z) 
are the cyclic Galois extensions of k( Yi). Given a cyclic extension L,/k( Y,), 
L, is a ramified cyclic extension of Y, and r measures the ramification at a 
divisor of Y,. (Compare [2, Section 31 and [16, Theorem 4.21.) 
EXAMPLE 2. Let n > 1 be relatively prime to char k. Let f= .V --J+“-- 5. 
Let R==k[x, y, z, f -~I]. We show that B(R)zZ/n. This is an example of a 
nonsingular threefold with cyclic Brauer group. The example in [7] with 
this property is a nonnormal threefold. Let S be the surface defined by fin 
A3 = Spec k[x, y, z] and let A = k[x, y, z]/(x” -y+ ‘zf be the aftine coor- 
dinate ring of S. Let p be the origin of A3. The singular set of S is the line 
x=y= 0. Embed A in k[u, u] by 
,y -+ ULP - ‘, y -+ v”, 3 + 2.P. (4) 
Thus A z Qu”, UY” ~ ‘, tl”]. Using [: 11 we see that the normalization of A is 
&z=k[u”, uvn- 1, u2vn-2, . ..) d-* u, v”]. Now A is the ring of invariants of 
the cyclic group (f?) acting on k[u, u] by 8(u) =wu, @(TV)= ou, where w is 
a primitive n th root of unity. Thus there is a projection A2 -+ Spec A= S. 
Under (8) every point of A2 except the origin belongs to an orbit of 
length n so we see that the only singularity on S corresponds to the 
maximal ideal (u”, z&- I, . . . . ZP ~. r u, 0”). Call this point q. Determine the 
conductor c for x/A. First we show that in A, ,,& is the prime ideal of 
height one (u”, uu”- ’ ). We see that u” E 4 because, for i& 2, 
(f)i I. I uiyn i = uivin i = (uutz ’ )’ E A. Similarly, uu” ~ ’ E A, since for i 3 2, 
(241) II”- I)nUiLpi= uIr(uz~!* - 1)i (gn)n-.- i E A. (-J ne can check u” is not in d. 
Second, we show that in 2, +“? is the prime ideal of height one 
(9, ULP _ ‘, ..,, ZP - i 
(Un)n-i- lfUVfl.. 1)i 
t)). rThis follows since, for n > i> 1, (u”+‘u’)“- = 
E d\ic by the previous step. The following diagram is a 
cartesian square 
- 
A-A 
i i (5) 
A/c - A/c. 
Let L = Spec A/c and L = Spec J/c. We have a Cartesian square of schemes 
s-p c-- 5-q 
T i 
(6) 
L-p+----- L-- 9, 
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where the vertical arrows are closed immersions and the horizontal arrows 
are finite morphisms. It follows that S - L E S- ,?. We want to compute 
H’(S -p, Q/Z) and H’(S - L Q/Z). The long exact sequence of 
cohomology associated to (6) is 
. . . --M(S-p,Q/Z)-+H’(%-q,Q/Z)@H’(L-p,Q/Z) 
-+H’(L-q,Q/Z)-+ . . . . (71 
In degrees 0 and 1 we have the exact sequence 
(8) 
and we see that H’(S-p,Q/Z)sH’(,!?-q,Q/Z). From [l] and the 
fact that s-- q is smooth Pic(S-- q) = Cl(S- q) = Cl(s) = Cl(J) z Z/n. 
H”(s- q, G,) = k*. Thus the Kummer sequence (1) yields H’(S -p, Q/Z) 
z H’(s- q, Q/Z) z Z,/n. On 3 - .E the element ZY becomes a unit and 
Ijro( s-- L, G,) = k* @ (u”). Because the class group of S is generated by 
the line L it follows that Pic(% E) = 0 and (1) gives H1(S - L, Q/Z) z 
N’(S- E, Q/Z) z Q/Z. Any element of H’(S- L, Q/Z) whose order does 
not divide n ramifies on L-p. We see that the ramification map 
r: H’(S- L, Q/Z) + (Q/Z),.. p is just multiplication by n and the kernel of 
Y is H*(S -p, Q/Z) z Z/n. Applying Theorem 1.c we have the exact 
sequence 
0 -+ B’(A3 -p) + B(R) -+ Z/n --) H3(A3 -p, Q/Z). (9) 
Since p has codimension 3 in A3, B’(A3 - p) = B(A3) = 0 and H3(A3 -p, 
Q/Z?) = H3(A3, Q/Z)=O. This shows that B(R)F~Z/~. Note also that 
H’(R, Q/Z) z Q/Z and in particular H’(R, Z/v) z R*/R*” z Z/v = (.f >. 
Since our ground field is algebraically closed, the cyclic algebra (5 f) is 
split for ali v relatively prime to char k and the cup product map p is the 
Zero map. Using these computations and [6, Theorem I] we calculate the 
BrauerrLong group BD( R, Z/2). Because fi is degenerate, BD( R, Z/2) z 
Galz( R, Z/2 x Z/2) @ B(R). One checks Galz( R, Z/2 x Z/2) r D, hence 
BD( R, Z/2) E D4 0 Z/n. 
EXAMPLE 3. Let R = B[t, l/r], where B is the affine coordinate ring of 
the open complement of the curve xn - y”- ‘z in P’, where n is relatively 
prime to char k. One can use Theorem 1 to compute B(R); however, 
this has been done in [7, Proposition 4.11 or [ll, Theorem 2.41: 
B(R) 2 H’(B, Q/Z) 2 Z/n. Note that in this case H’(R, Q/Z) E Zjn@QQ/Z 
and the cup product map 8: H’(R, Z/n)@ H’JR, Z/n) + B(R) is surjective. 
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Two 
The purpose of this section is to prove Theorem 4. It may be viewed as a 
generalization of [I 12, Theorem 63. 
Let l’ be a graph and G a Z-module. Say f has u vertices, e edges, and c 
components. Orient r and let D = (d,) be the incidence matrix. Then D is 
the v-by-e matrix defined by 
if yj is the positive end of ei 
if vi is the negative end of ei 
otherwise. 
Thus D defines a homomorphism with respect to the standard bases: 
D: G(‘) -+ G(“), The kernel of D has G-rank e - u + c. The kernel of D is 
denoted W,(T, G) and is called the cycle space of f with coefficients in G. 
The matrix D is unimodular, hence is image-split. The group G”’ is called 
the edge space of f and G (‘) the vertex space. The cycle space consists of 
linear combinations of edges 2 wiE, such that the sum of the weights MJ~ 
(with respect to our orientation) around any vertex is zero. 
Let Yo, -.‘t y, be distinct hyperplanes in P”, n > 1. Let 
Y = Y, w . . + u Y,. Let CJ Y denote the singular set of Y, ci Y = ( Y, n Yi / 
i#j). Write aY=p, u ... up,, where thepiare the irreducible components 
of aY. Each p is a linear subvariety of P” of codimension 2, hence is 
isomorphic to P” ‘. If P = Y, LJ . . . u Y,, (disjoint union), then there is an 
obvious projection rr: F+ Y. Let op be the inverse image K ‘(cY). Write 
oF==q*u 1.. uq,, where the q, are the irreducible components of cry. 
Each qi is isomorphic to P”-*. Define a graph r associated to Y. The 
vertices of r are the hyperplanes Y,, . . . . Y, and the varieties p, , . . . . ps. The 
edges of I- are the varieties ql, .,., qc. The edge q connects Y, and pj if and 
only if pi= nfq) and q is a subvariety of Y,. The graph r is bipartite and 
connected. We orient I- by taking the positive end of an edge q the Yi and 
the negative end the pi. There are v = 1 + m + s vertices and e edges. 
THEOREM 4. Let k he an ~~ge~~a~~al~y closedfield qf ch~rueter~st~c p. Let 
,f,, ,.., f, he linear polynomials in k[x,, . . . . x,] and R= k[x,, . . . . x,] 
[.f; ‘, . . . . f ,; ‘1. Let Y, be the hyperpiane at in$nity and Y,, .,., Y, the com- 
plete hyperplanes in P” defined by f, , . . . . ,fm, Assume that the Y, are distinct. 
Let Y=Y()u *..uY, and I- the graph qf Y. Then module p-groups 
B(R) z ff,(K Q/Z) z (Q/Z)', where r = e - v + 1. The cup product map 
a: H’(R, Z/v) 0 H’(R, Z/ v -+ ,>B(R) is surjective,for all v relatively prime to ) 
p and ker P is generated by {h Of, I Y, n Y. = Y, n Y. 1 C-J { (.A Of, )CS, OJ;) 
(S,gf;)--’ / Y;n Y,= Y,n Y,). 
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Proof Let v be prime to p and fix a primitive vth root of unity o. All 
cyclic algebras (f,,f;) are formed with respect to w. Let X= P”. Then 
X- Y= Spec R. 
Step 1. The sequence 
O+H’(X-Y,F)%HO(Y-aY,F(-1))3F(-l)+O 
is exact and ,,B(X- Y)rH*(X- Y,F(~))zW~(X,F(~)), where F=Z/v 
denotes the constant sheaf. Consider the long exact sequence of 
cohomology with supports in Y: 
0 + H’(X, F) -+ H’(X- Y, F) + H$(X, F) 
-H*(X, F)+H*(X- Y, F)+ . . . . (10) 
By Theorem l.a, H$(X, F) E Hc’( Y - aY, F( - 1)). Combining the Kummer 
sequence with the sequence of cohomology with supports in Y and coef- 
ficients in G, and F( 1) we get a commutative diagram 
Pic(X- Y) 0 ff*(X G,,,) 
H2V, F(l))- H*(X- Y, F(l))- ff:(X F(l))- ff3(X H’(1)) 
I I I I 
4-v - B(X- Y) - ff:(X G,,) - fJ3(X Cm) 
1 
” 
I 1 I’ 
(11) 
with exact rows and columns. By [ 14, VI.5.6, p. 2451, H*(X, F( 1)) z F and 
H’(X, F) = H3(X, F) = 0. Since R is factorial Pic(X- Y) = Pic( R) = 0. 
Because X= P” and k is algebraically closed, B(X) = H*(X, G,) = 0. The 
map H*(X, F( 1)) + H*(X- Y, F( 1)) is the zero map and Step 1 follows 
from (10) and (11). 
The group @(Y-aY, F(-1)) is equal to @~ZOH”(Yi-~Y, F(-l))= 
F( - 1 )(“‘+ I). The map p measures the ramification of a cyclic Galois exten- 
sion of R along each irreducible component of the divisor Y. The map S is 
the sum map. 
Step 2. ,,B( R) is isomorphic to the cycle space H,(T, F( - 1)) of the 
graph r. From Step 1, “B(R) = ,B(X-- Y) z H$(X, F( 1)). Combining this 
with Theorem 1.b we have the exact sequence 
O+,B(X-Y)+H’(Y-CTY,F)~,@(~TY-G*Y,F(-~)). (12) 
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We write H’(Y-aY,F)=H’(fj-a~,‘,)=O~=“=,H*(Yi-oY,F) and 
@(oY--a2Y,F(-l))=F(-1)‘“‘. From Step 1 applied to aYn Y,c: Y,, 
O-+H’(Yj-aY,F) 1; P(Y,ncrY-0*Y,F(-1)) S F(-l)-+O (13) 
is exact for each i. We can identify @I y!O @( Yj n 0 Y - a2 Y, F( - 1)) = 
@yZO HO(oj;-a’y, F( -1)) with the edge space F( - 1)“’ of the graph r. 
The map r factors through p yielding a commutative diagram 
= 
I 
sun3 
0 ~~‘(~-oj3;~)~~(-l)(“~F(-l)~‘~+‘)-0 
(14) 
with exact rows. The vertical sum map adds the ramifications over all edges 
q adjacent to a vertex p,. The kernel of S consists of linear combinations 
C w,q, of edges such that the sum of the weights around each vertex Y, is 
zero. The kernel of the vertical sum map consists of all C wiqi such that the 
sum around each vertex pi is zero. Therefore, ker (r) can be identified with 
im(p) n ker(sum) which is precisely the cycle space H,(r, F( - 1)) of r. 
Step 3. The cup product map p is surjective. First assume that m = 2. 
Then Y = Y, u Y, u Y,. There are two possible configurations of 
I-( Yo u Y, u Y2): 
In the first case they intersect along a common subvariety. In the second 
case they intersect along three distinct subvarieties po, pI, pz. In case 1, we 
see that H,(f, Z/v) =O. Note that in this case the cyclic algebra (f,,f.) is 
split. In case 2 we see that H,(r, Z/v) z Z/v. From Step 2 (12), the 
sequence 
is exact. The map C? measures the ramification of an algebra class IA I. The 
Galois extension of Y, - Y, - Y, which is afforded by the cyclic algebra 
(.fi,fi) is obtained by adjoining the vth root of fi. Thus, ,B(R) is 
generated by the cyclic algebra (.f, ,,f’) and this class maps to the generator 
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of the cycle space of r. The curve Y, u Y, u Y, is the ramification divisor 
of (fi ,f2). We have shown that (fi, f,) is split iff Y, and Y, intersect Y, 
along the same subvariety. 
From graph theory we know that H,(T, Z/v) is generated by cycles. We 
use this to show that ,,B(X- Y) is generated by the cyclic algebras (fi,f;). 
We assume now that m > 2. Take an arbitrary cycle Z in the graph f: v, PI PZ 
c 
. . 
y2 
. P3 y3 
Without loss of generality we can assume the edge weights are all equal to 
f 1. If Y,, is not a vertex in Z, then we can write Z as a sum of cycles 
involving YO : 7 PI 9 
e 
yo . v, . . 
p3 v, 
Therefore we assume YO is in Z and that pO #pl as shown: 
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Then Y, intersects YO along a subvariety pz distinct from p. and pI. Let 2, 
be the cycle: 
associated to the cyclic algebra (f,,f*). Then Z=Z, +Z,, where Zz is a 
cycle with fewer edges than Z. A finite induction argument completes 
Step 3. 
Step 4. The kernel of /I is generated by the set 
Let S be the subgroup of H’(R, Z/v)@ H’(R, Z/v) generated by this set. 
For the sake of notational simpficity we prove this for the case v=2. The 
general case is a straightforward generalization. Let K be the kernel of 8. 
From Step 3 it is clear that SC K. Assume S # K and choose A E K- S. 
Write A = A, A, . A, as a product of basis vectors where each A i is of the 
form f, @A.. Choose A in K - S so that t is minimal. 
Case 1. t = 1. Then A =f;@J; is in the kernel of 0. From the above, it 
follows that Y,n Yic Y,, or Y, = I’,. In either case A is in S. 
Case 2. t = 2. Then A = (f,@f,)(f, Of,) and the algebras (f,, S,) and 
(f,,f,) are both nonsplit. Therefore, they map to the same cycle in (: Thus 
Y, = Y,, and Y, = Y,.. Hence A is in S. 
Case 3. t > 2. Consider the vertices p not adjacent to Y,, that appear in 
the cycles in r associated to the image of A. A cycle involving p cannot be 
a linear combination of cycles disjoint from p. By minimality of t we can 
assume A L, . . . . A, map to cycles sharing a common vertex p. Let E be an 
edge of the cycle associated to A, where E is incident to p. Then E must be 
t.he edge of another cycle as well, say of A,. Thus A, =fiQf, and 
A, =f;O.fU for some i, j, U. But (~O~)(fiOf,)(&Of,)- ’ is in S so 
(,fi@,f,)A, ... A, is in K - S, contradicting the minimality of t. Thus S= K. 
Q.E.D. 
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THREE 
In this section we show how the techniques of Section Two may be 
generalized to the case where the polynomials fi are not linear. First we 
describe the Brauer group of the complement of a curve on a complete 
smooth surface in terms of the cycle space of a graph. Using our descrip- 
tion, we give an example showing that Theorem 4 does not adequately 
describe p in dimension 2 if the f, are not linear. We also obtain a self- 
contained proof of [S, Theorem 1 ] as a corollary. 
Let X be a complete smooth surface over the algebraically closed field k 
of characteristic p. Throughout, we work modulo p-groups. Let Y be a 
closed curve on X and write Y = Y, u ... u Y,,,, where the Y, are the dis- 
tinct irreducible components of Y. Let yi be the normalization of Yi. Let P 
be the singular set of Y and P= F, u . . . u pm (disjoint union). Let 
K: y -+ Y be the obvious map and P = 7~ - l(P). We define f, the graph of Y, 
in the following way. The vertices of r are the points p in P and the con- 
nected components 8, of y. r is bipartite and the edge set is B. The edge 
q E P connects the vertex p E P to the vertex 8, E z’ if and only if z(q) =p 
and q is on P,. Thus I- is a graph with [ YI components, /B/ + /PI vertices 
and IF\ edges. Orient r so that for each edge q E P the positive end is the 
pi containing q and the negative end is the p E P defined by x(q) =p. Let D 
be the incidence matrix. The cycle space of f has rank j = Iis1 - I PI - 
IPI + 1 YI. Thus H,(I’, Q/Z) r (Q/Z)(j). 
THEOREM 5. Let X be a complete smooth surfim over the aIgebrai~a~~y 
closed field k. Let Y be a closed curve on X and let r be rhe graph associated 
to Y. Let n be prime to p = char k and F = Z/n. Then 
a. The sequence 
0 + B(X) 4 B(X- Y) -+ H$(X, #cl) + H3(X, p) + H3(X- Y, /A) 
is exact modulo p-groups. 
b. H:(X,I;(l))rH’(~,:,)OH,(f,F(-1)). 
Prooj: a, For any smooth surface X, B(X)Z B’(X) [lo]. Part a 
follows from theorem l.c. 
b. Suppose Y is a smooth connected complete curve and 
P= (p,, ..*1 p,} c Y is a non-empty set of closed points of Y. Then 
O-,H’(Y,F)-+H’(Y-P, F) 
-+H;(Y, F)-+H2(Y,F)+HZ(Y-P, F)-+ ..’ (17) 
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is exact. From [14, V.2.1, p. 17.51, H2( Y, F)rF( - 1) and H2( Y-P, F) 
= 0. From Theorem 1 .a, H2,( Y, F) z H’(P, F( - 1)) z F( - 1 )(‘). Then ( 17) 
becomes 
O+H’(Y,F)-*H’(Y-P,F)-rF(-l)‘“‘+F(-l)+O. (18) 
Sequence (18) is split exact. Now apply (18) to the curve 
P= 8, u ... u ym with subset P = {q,, . . . . qe}. Assume the Yi are sorted 
such that Y,, . . . . Y, each intersect P non-trivially and Y,, 1, . . . . Y, are non- 
singular and mutually disjoint among all of the Y,. Then (18) yields the 
split exact sequence 
o~H’(~,,)~H’(B-P,F)~,(-l)“‘4~(-1)”’-+0. (19) 
From Theorem 1.b we have the exact sequence 
o+H;(X,F(l))+H’(Y-P,F)QzO(P,F(-l)), (20) 
where Y factors through p. Since Y - P z 8-- P we have a commutative 
diagram 
0 - H; (X, F( 1)) - H’( Y - P, F) -5 F( - 1 )‘P’ 
E 
I T 
S”lll (21) 
o- H’(F,F) -H’(P-P,F), F(-l)(t”+F(-l)(~)-+o 
as in (14). As in Step 3 of the proof of Theorem 4 one argues that 
H:(X,F(l))~:H’(~,,)OH,(T,F(-1)). Q.E.D. 
COROLLARY 6 [S, Theorem 11. Let X and Y be as in Theorem 5. There 
is an exact sequence (module p-groups) 
0 + B(X) + B(X- Y) + H’( Y, p) ” -+ H3(X, p) + H3(X- Y, p). 
Proof Let F denote the constant sheaf Z/n, where n is prime to p. The 
Cartesian square 
Y-P 
t t 
P-P 
induces the exact sequence 
O+F(1)‘y’+F(l)‘8’@F(l)‘p’ 3 F(1)“’ 
-+H’(Y,F(l))+H’(F, F(l))-+O. (22) 
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The map 4 is induced by the transpose of the incidence matrix D of the 
graph r hence is image split. Let us denote coker(4) by H’(T, F( 1)). Then 
(22) gives the sequence 
o+H’(~,F(1))~H’(Y,F(1))+H’(F,F(1))~0 (23) 
which is split exact. Since H1(T, F(1)) is dual to H,(T, F(--I)) and 
H’( y, F(1)) is dual to H’( y, F), taking F-duals in (23) gives 
dual(H’(Y,F(l)))zH1(~,F)@H,(T,F(-1)) which is isomorphic to 
H$(X, F( 1)) by Theorem 5.b. The corollary follows by taking limits over 
all n and using Theorem 5.a. Q.E.D. 
Care must be taken in applying Corollary 6 because the natural restric- 
tion map H’( Y, Z/n) -+ H ‘( Y - aY, Z/n) factors through H’( y, Z/n) and 
kills H’(T, Z/n), hence is not an isomorphism onto ker(r). 
Now suppose X= P* so that B(X) = H3(X, O/Z) = 0 and .B(X- Y) g 
H~(X,F(l)).ByTheoreml.bwemayembedH~(X,F(l))~@~~, H’(k(Y,), 
Z/n). Assuming one of the Y, has degree one, H’(R, Z/n) 2 R*/R*“, where 
R is the aftine coordinate ring of X- Y. Thus fl: R*/R*“@ R*JR*” -+ 
.B(R) c @y=, H’(k( Y,), Z/n) is given by the tame symbol 
a @ b --) & ( _ 1 )v,(u)v,(h)uv,(h)hv,(o,, (24) 
r=l 
where vi is the valuation on k( Yi) [ 151. 
EXAMPLE 7. Choose 4 points in the affrne plane over C, no three on a 
line. Label these 1, 2, 3, 4. Now choose 4 tonics, each with equation of the 
form y = ax2 + bx + c, each passing through exactly 3 of the above points, 
no 2 tonics containing the same 3 points. Upon adding the line at infinity 
L, the 4 tonics are tangent at a point 5 on L. Label the 4 tonics A, B, C, D. 
The graph of Y is 
C 
(25) 
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Let R=C[x, ~~][l/a, l/6, I/c, l/d], w h ere a, 6, c, d are the polynomials in 
C[x, y] associated to A, B, C, D, respectively. Assume n = 2. From (25) 
and Theorem 5 we see that z B(R) has Z/2 rank 17 - 10 + 1 = 8. To com- 
pute im(/?) we note that the Brauer class of the cyclic algebra (a, 6) 
corresponds to the image of a@ b under the tame symbol, hence has 
ramification divisor A u B which corresponds to the cycle 
‘I 
B 
A 2 
(26) 
In a similar fashion we compute the cycles corresponding to (a, c), (b, d), 
etc. Thus the image of p has Z/2 rank 5. Since H’(R, Z/2) has rank 4, the 
kernel of /? has rank 11. In contrast with Theorem 4, we note that 0 is not 
surjective and (a@b)(a@c)(a@d)(b@c)(b@d)(c@3d) is in ker /I but not 
in the subgroup S generated by the relations stated in Theorem 4. For n > 2 
one can check that the images of the six elements a 0 b, a @ c, a @ d, b @ c, 
b 0 d, c Q d are independent. 
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